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1. Introduction
It is well-known [1] that the classical string so-
lutions with N = 1 spacetime supersymmetry re-
quire the internal CFTs to have (0, 2) worldsheet
supersymmetry. (0, 2) models lead to more real-
istic gauge groups like SO(10) or SU(5) [2], and
are therefore phenomenologically more interest-
ing than the (2, 2) case. To understand the space
of ground states of classical string theory there
is little reason to restrict oneself to the study of
(2, 2) models. But the assertion in [3] that the
generic (0, 2) σ model is destabilized by world-
sheet instantons has slowed down further devel-
opment in this direction. The revival of (0, 2) σ
models has been initiated mainly by the work of
Distler and Greene [4,5], who gave a criterion for
evading destabilization of the vacuum. Its ver-
ification is, however, not trivial. More recently
Distler and Kachru [6] constructed a large class
of (0, 2) σ models that uses Witten’s gauged lin-
ear sigma model approach [7]. The resulting class
of models is now believed to define appropriate
SCFTs at the infrared fixed point [8].
On the side of exact conformal models the situ-
ation seems to be more transparent. Using simple
current techniques Schellekens and Yankielowicz
[9] produced a telephone book of (1, 2) models
from tensor products of minimal models [10]. The
main problem in this context is the arbitrariness
in the selection of a managable subset of the mod-
els that are accessible with the known construc-
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tions [11,9]. This effort culminated in Schellekens’
theorem on the conditions for the possibility of
avoiding fractional electric charges [12,13].
An interesting question is, of course, to what
extent one can identify the models constructed
by these two approaches. Searching for such a
class of models we will try to generalize the pro-
posal of [14,15], which was originally made on the
basis of a stochastic computer search for match-
ing particle spectra. We will extend this to a
series of identifications based on an analysis of
the anomaly cancellation conditions and on the
assumption that the Z4 breaking mechanism (see
below) does not care about the rest of the confor-
mal field theory and only acts on a Fermat factor
of a non-degenerate Landau–Ginzburg superpo-
tential. This provides us with 3219 SO(10) mod-
els, based on the list of 7555 weights for trans-
verse hypersurfaces in weighted projective spaces
[16,17], and many more if we include orbifolding
or hybrid constructions.
After a quick review of (0, 2) compactification
in the geometric context in section 2 we start with
an ansatz to solve the anomaly cancellation equa-
tion and then briefly discuss some issues concern-
ing the toric resolution of singularities [18–20]. In
section 3 we discuss some aspects of exact con-
structions in the framework of simple currents
and apply these to the class of models suggested
by the σ model connection. We conclude with
some comments about open problems and direc-
tions for future work.
22. (0, 2) σ models and anomaly cancellation
conditions
The geometric data that define a (0, 2) com-
pactification [21,2] consist of a Ka¨hler manifold
M with Ka¨hler form J and some holomorphic
vector bundle V of rank r. The right moving
fermions on the worldsheet couple to the pull back
of the tangent bundle TM along the sigma model
map and the left moving ones couple to the pull
back of V . The very existence of these spinors
requires that the topological obstruction to their
existence vanishes, i.e. c1(V ) = c1(M) = 0 (mod
2)3. Anomaly cancellation imposes a further con-
dition on these data, namely ch2(M) = ch2(V ),
where ch2 =
1
2c
2
1− c2 is the second Chern charac-
ter. Vanishing of the lowest order beta functions
requires that the Ka¨hler metric is Ricci-flat, i.e.
M is a Calabi-Yau manifold, and the connection
on V has to satisfy the conditions Fij = Fı¯¯ = 0
(i.e. it is holomorphic) and gi¯Fi¯ = 0. Due to
the results of Donaldson and Uhlenbeck and Yau
[2,22] we have the following information about the
set of solutions of gi¯Fi¯ = 0: If the integrability
condition
∫
M
Jn−1 ∧ c1(V ) = 0 is satisfied then
the existence and uniqueness of the solution is
equivalent to the stability of V with respect to J
on M . The stability of V means that for every
‘coherent subsheaf’ F of V with 0 < rank(F) <
rank(V ) one has µ(F) < µ(V ), where µ, called
normalized first Chern number or slope, is defined
by µ(F) := 1rank(F)
∫
M
Jn−1 ∧ c1(F).
2.1. The gauged linear sigma models
It is believed that a ‘generic’ σ model of the
type discussed above flows to a (0, 2) string vac-
uum in the infrared limit [2,5]. As pointed out
in [5], such models evade destabilization by world
sheet instantons [3] if the splitting type of V on all
instantons in the Calabi-Yau space M is nontriv-
ial. However, it is technically difficult to check
this condition. A real breakthrough has been
achieved by Witten’s gauged linear sigma model
approach [7]. This approach made it possible to
construct a large class of (0, 2) string vacua that is
field theoretically more managable [6]. The start-
3For a complex vector bundle the mod 2 reduction of c1
is the second Stiefel–Whitney class.
ing point is a (0, 2) supersymmetric U(1) gauge
theory that leads in the Calabi-Yau phase to a
(0, 2) σ model described by the follwing geomet-
ric data:
0 −→ V −→
r+1⊕
i=1
O(ni)
F
−→ O(m) −→ 0 (1)
is an exact sequence defining a stable bundle
V of rank r on a complete intersection Calabi-
Yau variety M in a weighted projective space
Pw1,...,wN+1 . In the following we will abbreviate
the vector bundle data by Vn1,...,nr+1 [m], where
ni are positive integers and Fi are homogeneous
polynomials of degrees m − ni not vanishing si-
multaneously on M . The choices r = 4 and r = 5
correspond to unbroken gauge groups SO(10) and
SU(5), respectively. As pointed out above these
geometric data are subject to constraints which
in this case lead to the following equations: Let
M be the complete intersection of hypersurfaces
of degrees dj , j = 1, . . . , N − 3. Then the Calabi-
Yau condition for M , i.e. c1(M) = 0, leads to:
N−3∑
j=1
dj −
N+1∑
i=1
wi = 0. (2)
Taking the defining sequence of V into account,
the condition c1(V ) = 0 means that
m−
r+1∑
i=1
ni = 0. (3)
The last condition, which comes from the cancel-
lation of gauge anomalies, results in the quadratic
diophantine equation
m2 −
r+1∑
i=1
n2i =
N−3∑
j=1
d2j −
N+1∑
i=1
w2i . (4)
For a Calabi-Yau hypersurface of degree d the
choice m = d and ni = wi solves the above equa-
tions. In the special case of Fi = ∂iW , where
W is the transversal polynomial that defines M
in Pw1,...,w5 , we have a (2, 2) model with gauge
group E6. For a generic choice of Fi the bundle
V will be a stable deformation of the extension
of TM by O. These models are therefore (0, 2)
deformations of (2, 2) models (cf. [6] for more
details).
32.2. A series of solutions
Our aim is to find a generalization of the map
from a (0,2) SCFT to a set of vector bundle data
that has been found in [14]. In that paper the
weights ni of a transverse CY hypersurface in
weighted P4 correspond to the quintic (i.e. ni = 1
and m =
∑
ni = 5) and it is these numbers that
enter the definition of the vector bundle, whereas
the base manifold gets modified and turns out to
be the vanishing locus of two degree 4 polynomi-
als in P51,1,1,1,2,2. At first glance it may be sur-
prising that it is the base manifold and not the
vector bundle data that changes. This is, how-
ever, in agreement with the fact that the discrete
gauge symmetry that survives the breaking of the
U(1) in the gauged linear σ model is a Zm with m
defined in eq. (1); this symmetry should be iden-
tified with the Zm quantum symmetry [23] that
comes with the GSO projection on the CFT side.
As we will see in our discussion of the sim-
ple current construction of the (0,2) model, the
breaking of the left-moving SUSY is accomplished
by a twist that acts only on a Fermat factor of the
tensor product constituting the internal SCFT
and on an SO(2) factor of the current algebra.
This twist leads to a Z2 projection in the NS sec-
tor, which explains the doubling of the last weight
and the requirement of an additional generator
for the cohomology to discribe the contributions
from the twisted sectors. This additional genera-
tor is obtained by increasing the dimension of the
ambient space and hence the codimension of the
base manifold.
We are thus lead to the ansatz Vn1,...,n5 [m] →
Pn1,...,n4,w5,w6 [d1, d2] for the base manifold and
vector bundle data, which we expect to work
whenever there exists a transverse polynomial of
degree m in four fields φi with weights n1, . . . , n4
and with K = m/n5 being an odd integer (i.e.
the internal CFT should be a tensor product
with a Fermat factor corresponding to a mini-
mal model at odd level). It is a non-trivial check
on the existence of the desired series of maps
that there are positive integer solutions to the
anomaly equations (2–4). Demanding that the
quadratic equation (4) factorizes we indeed find
a unique (up to permutation of weights) general
solution with w5 = 2n5, 2w6 = d1 = m − n5 and
d2 = (m + 3n5)/2. It is encouraging that the
expected doubling of the Fermat weight comes
about automatically. Searching through the list
of 7555 transverse weights [16,17] we find 3219
LG potentials with 4 fields and central charge
c = 6(1 + 1/K) with K ∈ 2Z + 1 being an odd
integer. 220 of these have the property that all
weights ni divide the degree m, so that they cor-
respond to tensor products of minimal models.
In the Calabi–Yau phase of our σ model we may
be confronted with singularities in both, the base
manifold and the vector bundle [20]. It is nat-
ural to try a toric approach to the resolution of
these singularities. A canonical Calabi-Yau va-
riety can be realized as a complete intersection
in a Gorenstein Fano toric variety in the follow-
ing way [18,24,19]: Using the correspondence of
reflexive polytopes and Gorenstein Fano toric va-
rieties we begin with a reflexive polytope ∆ in
a lattice of rank n and construct its correspond-
ing toric variety X = X∆ [24]. Next we con-
sider a nef partition of the anticanonical divi-
sor −KX =
∑N
α=1Dα of X , which is a parti-
tion of −KX into a sum of nef Cartier divisors
Dj =
∑
α∈Ij
Dα with
⋃r
j=1 Ij being a partition
of {1, . . . , N}. If ∆j are the polytopes associated
to Dj it follows that ∆ = ∆1 + . . . + ∆r is their
Minkowski sum. Now let Yj be a generic sec-
tion of OX(Dj). Then the complete intersection⋂r
j=1 Yj will be a canonical Calabi-Yau variety of
codimension r in X .
To obtain a toric resolution of the singularities
in the base manifold it is clear that we should
choose ∆i to be (subpolytopes of) the Newton
polytopes corresponding to degree di monomials
in φ1, . . . , φ6 with i = 1, 2. Obviously ∆1 +∆2 is
then a subpolytope of the Newton polytope cor-
responding to the weights n1, . . . , n4, w5, w6, but
it is not clear under what conditions such a ∆
will be reflexive and it may be necessary to study
the situation on a case by case basis. There is no
space to go into further details at this point [25].
3. Simple currents, modular invariants and
orbifolds
In this section we recall some elements of the
classification of simple current modular invari-
4ants, which will allow us to give an orbifold inter-
pretation to the construction of [14] and to derive
explicit formulas for the spectra in terms of the
extended Poincare´ polynomial [26,27] (which is re-
lated to the elliptic genus).
A simple current J is a primary field that has
unique fusion products with all other primary
fields, and thus decomposes the field content of
a CFT into orbits of finite length [28]. The order
N of J is the length of the orbit of the identity,
i.e. JN = 1. Associativity and commutativity of
the fusion product imply that the simple currents
form an abelian group, which is called the center
of the CFT. The important fact is that we can
define a monodromy charge
QJ(φ) ≡ hJ + hφ − hJ×φ mod 1 (5)
that is conserved modulo 1 in operator products.
Since e2πiQJ is conserved in OPEs, a simple cur-
rent is thus always associated to a discrete ZN
symmetry of the CFT and the center has a rep-
resentation in terms of phase symmetries. The
definition of QJ implies
QJ×K(φ) ≡ QJ(φ) +QK(φ), (6)
so that QJn(φ) ≡ nQJ(φ) and QJ is quantized in
units of 1/NJ .
For some fixed subgroup G of the center that
is generated by independent simple currents Ji of
order Ni we use the notation [α] =
∏
Jαii and
Qi = QJi, where αi are integers that are defined
modulo Ni. Then we can parametrize the charges
and conformal weights of all simple currents in G
in terms of a matrix Rij [29],
Rij = rij/Ni ≡ Qi(Jj) ≡ Qj(Ji), (7)
h[α] ≡
1
2
∑
i
riiα
i −
1
2
∑
ij
αiRijα
j , (8)
with rij ∈ Z. If Ni is odd we can choose rii to be
even. Then all diagonal elements Rii are defined
modulo 2 for both, even and odd Ni. Using the
definitions of Q and R we obtain
h[α]φ ≡ hφ + h[α] − α
iQi(φ), (9)
Qi([α]φ) ≡ Qi(φ) +Rijα
j . (10)
IfNi is even then Ji can occur in a modular invari-
ant only if rii ∈ 2Z (since T -invariance requires
ha − hJia ∈ Z)
4. In that case only a subgroup
of the center that consists of simple currents Ji
whose parameters rii all are even can contribute
to a modular invariant. For such a group it can
be shown that the matrix
Mφ,[α]φ = µ(φ)
∏
i
δZ
(
Qi(φ) +Xijα
j
)
(11)
commutes with the generators S and T of mod-
ular transformations if X is properly quantized
and X + XT ≡ R (for the diagonal 2Xii ≡ Rii
must hold modulo 2) [30]. In this formula δZ(r) is
1 if r ∈ Z and 0 otherwise, and µ(φ) is the multi-
plicity of the primary field φ on its orbit. Under
certain assumptions (11) can be shown to be the
most general modular invariant that only relates
primary fields on orbits of the center [30,29].
It is easy to see that the left and right chiral
algebra extensions are given by the kernels AR ∼=
KerZX and AL ∼= KerZX
T , respectively, where
KerZM denotes the set of integer vectors α whose
product with the matrix M is integer. (AR and
AL have the same dimension, but need not be
isomorphic [30].)
3.1. Symmetry breaking and GSO
An important application of the chiral algebra
extension mechanism that we just discussed is the
Ramond/NS sector alignment in the superconfor-
mal tensor product, which can be understood as a
simple current modular invariant because the su-
percurrent Jv of any superconformal field theory
is a simple current with h = 3/2 and order 2. Its
monodromy charge is 0 in the NS sector and 1/2
in the Ramond sector. In the conventional tensor
product of two SCFTs we thus have the current
J
(12)
v = J
(1)
v × J
(2)
v , which has integer spin and
can extend the chiral algebra. The monodromy
parameter Rvv is indeed 0 modulo 2, so that the
modular invariant (11) keeps only states with in-
teger charge w.r.t. J
(12)
v , i.e. both factors of a
field in the tensor product must come from the
same sector.
4 This is related to the distinction between odd and even
orders in the orbifold level matching conditions.
5The GSO projection can be implemented in a
similar way: In any N = 2 SCFT the Ramond
ground state Js with maximal charge is a simple
current (which implements the spectral flow; for
details see [27]). Therefore JGSO = Js × s, with
s being the spinor of SO(10), is a simple cur-
rent with spin 1 that extends the gauge group to
E6 and leads, after the string map, to space-time
SUSY.
For a tensor product of n SCFTs we have to
put all bilinears in the respective supercurrents
into the chiral algebras [26,31]. In this case we
have more freedom since the modular invariant is
given by a (n−1)×(n−1) matrixX for which only
the symmetric part has to vanish. If we choose
Eij =
1
2 (Xij −Xji) = 0 then X ≡ 0 and we have
the maximal extension of the chiral algebras and
complete alignment of R and NS sectors for both
chiral halves. If E 6= 0 then some bilinears are
projected out and SUSY is broken on both sides.
We can construct models where the alignment is
kept on the right-moving side if we have a larger
center with additional simple currents of even or-
der. This is one possible mechanism to construct
(0,2) models with gauge group SO(10), which in
general is not extended to E6 by the GSO projec-
tion if the left-moving SUSY is broken.
The mechanism for the construction of (0,2)
models that is most natural from the point of
view of σ models [21,2] is closely related to what
we just discussed, but also involves simple cur-
rents of the gauge group. Since our aim is to
construct a heterotic string via the string map ap-
plied to the right-moving sector we need to keep
the SO(10) × E8 on that side and thus have to
use some asymmetric construction.
The simple current way to break a symmetry
is to start from building blocks that belong to
a smaller chiral algebra and to view the CFT
with broken symmetry as a modular invariant
with ‘non-maximal’ extension of the chiral al-
gebra. We therefore start with a 4-dimensional
bosonic string with an internal N = 2, c = 9
SCFT and a current algebra SO(2)×SO(8)×E8,
which can be extended to SO(10)×E8 by putting
the product v×V of the vector currents of SO(2)
and SO(8) into the chiral algebra, as we did for
the Ramond sector alignment above (we denote
the SO(2) and SO(8) representations by small
and capital letters, respectively).
If we avoid that extension on the right-moving
side we can still construct a modular invariant
heterotic string with the string map, but the GSO
projection on the left-moving side will in general
extend U(1) × SO(8) only to SO(10), where the
U(1) factor is a combination of the SO(2) and the
U(1) of the N = 2 algebra. Non-abelian gauge
groups of smaller rank are obtained by splitting
SO(10) into several SO(2) factors.
3.2. SO(10) models
Returning to the SO(10) model based on the
quintic that was conjectured to be equivalent to
a Distler–Kachru model in [14] we first need to
bring the modular invariant that enters the con-
struction into the normal form (11). In addition
to the alignment currents and the GSO projection
there is only one more simple current involved,
namely the order 4 current Jb = 1× φ
01
K × s× 1,
i.e. the product of the identities in the CFT with
c = 6(1+1/K) and in the SO(10) factor with the
primary field labeled by {l = 0, q = K, s = 1} of
the minimal model at level k = K − 2 and the
spinor of SO(2). A simple calculation shows that
all monodromies among these currents vanish for
odd k except for Qb(JA) = QA(Jb) = 1/2, where
JA = 1× 1 × v × V is the alignment current for
SO(2) and SO(8). Jb thus indeed prohibits a si-
multaneous extension to SO(10) on the left and
on the right. Note that J2b = 1 × J
F
v × v × 1 is
the alignment current for the minimal model and
the SO(2), so that Jb can be regarded as a square
root of an alignment current.
Since the conformal weight hb = (K − 1)/2 of
Jb depends on the level it is convenient to replace
it by its product JB with the alignment current
J2b JA. This product has integer spin. In the re-
sulting basis
JGSO = J
C
s × J
F
s × s× S (12)
JA = 1× 1× v × V (13)
JB = 1× (J
F
s )
K × s× (V )
K−1
2 (14)
JC = J
C
v × 1× 1× V (15)
we find a monodromy matrix R whose only non-
vanishing entries are RAB = RBA = 1/2.
6We now need to choose discrete torsions in such
a way that JGSO and the alignment currents JA,
J2B and JC all are in the right-chiral algebra, i.e.
all respective columns of X should vanish. This
uniquely fixes the anti-symmetric part of X with
XAB = 1/2 being the only non-vanishing entry.
Without further calculation we can thus conclude
that this must be the invariant that enters the
model of [14] in the special case of the quintic. It
is straightforward to derive a formula for the num-
bers of SO(10) representations for general (0,2)
compactifications of this type in terms of the ex-
tended Poincare´ polynomial of the internal CFT
[25]. What remains to be done is to check the
matching of these date with the conjectured σ-
model twin and to provide further evidence that
the (0,2) CFT indeed is in the same moduli space.
4. Conclusion
We used an ansatz for the (0, 2) σ model data
that is inspired by the orbifold interpretation of
a ‘prototype model’ [14] to find a large class of
solutions to the anomaly cancellation conditions.
The resulting analogies between the coordinate
ring structure on the geometrical side and the
orbifold selection rules on the CFT side indeed
support the conjecture that this provides a series
of identifications among apparently different con-
structions of (0,2) compactifications.
Only a minimal model factor of the internal
c = 9 SCFT takes part in the symmetry breaking
mechanism, so that we can use arbitrary N = 2
SCFTs with c = 6(1 + 1/K) to construct ‘hybrid
models’, whose numbers of non-singlet massless
representations can be computed in terms of their
extended Poincare´ polynomials [27].
On the sigma model side the problem of resolv-
ing singularities provides a number of new mathe-
matical challenges [20,25]; the Landau–Ginzburg
side of the triality has been studied for a closely
related class of models in the recent paper [32].
Models with other gauge groups like SU(5) can
be constructed following the same lines.
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